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The author shows that, for an injective analytic function f, f(T) is almost 
decomposable iff T is almost decomposable, where T is a bounded linear 
operator on a Banach space and f(T) is defined by the functional calculus. 
Let T be a bounded linear operator on a complex Banach space X, and let 
f denote an analytic function defined on some open neighborhood N of u(T), 
the spectrum of T. In the theory of decomposable operators due to Foias it 
has been shown [3, p. 371 that if T is decomposable thenf(T) is also decom- 
posable, where f(T) is defined according to the formula 
f(T) = & j)(z) R(z; T) dz, 
C being a suitable system of Jordan curves in N n p(T) which “surrounds” 
the spectrum o(T). Similar results hold for strongly decomposable operators 
[6, Theorem 2.2(ii)] and quasidecomposable operators [5, Theorem 3.101 and 
[6, Proposition 4.5(i)]. 
Another problem has been to determine under what conditions the con- 
verse implication is true, namely, if f(T) belongs to a certain class what 
restrictions must be put onf so that T also belongs to the same class. Apostol 
has proved that f(T) being d ecomposable (respectively, strongly decom- 
posable) implies that T is decomposable (respectively, strongly decomposable) 
iff is nonconstant on each component of N meeting u(T) [l] and [2, Theorem 
III.l.S]. Jafarian has shown that, under the hypothesis that f is one to one 
on N, f(T) quasidecomposable implies T is quasidecomposable [5, Theorem 
3.111. The purpose of this note is to extend Jafarian’s result to the class of 
almost decomposable operators by a method different from his. 
To do this we shall recall the notion of spectral maximal space. A closed 
T-invariant subspace Y C X is called a spectral maximal space of T if, given 
any other closed T-invariant subspace 2 C X such that u( T / Z) C u( T j Y), 
it follows that Z C Y. Every spectral maximal space of T is hyperinvariant to 
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T (i.e., it is invariant under every operator on X commuting with T) [3, p. IS]. 
Clearly we have u( T 1 Y) C a(T) f or every spectral maximal space Y of T. 
Our principal object of study in the present paper is given in the following. 
DEFINITION. The operator T is almost decomposable if for each finite open 
cover of o(T) {GI , Gi3 ,..., G,} there exist corresponding spectral maximal 
spaces Y1 , Ya ,..., Y, of T such that u( T / Yi) C Gi , 1 ,( i < n, and 
x= I;i Yi. 
i=l 
Remark. The elementary properties of almost decomposable operators 
have been discussed in [5] and [6]. In [5] the author calls these “weak decom- 
posable” operators. 
The proof of our theorem relies on a proposition which has an interest in 
its own right. 
PROPOSITION. Let T be a bounded linear operator on X, and let f be an 
injective analytic function on an open set N containing the spectrum of T. Let Y 
be a closed subspace of X. Then Y is a spectral maximal space of T if and only if 
Y is a spectral maximal space off(T). 
Proof. We shall first prove the “if” part of the assertion and then from 
this deduce the converse. Suppose that Y is a spectral maximal space off(T). 
Then, since Y is hyperinvariant to f (T) and T commutes with f (T), by the 
spectral mapping theorem we have 
f (4T I Y)) = 4f (T I Y)) = df (T) I Y) cu(f (T)) =f W)), 
and hence by the injectivity off, 
u(T 1 Y)Cu(T). (2) 
Now let Z be any T-invariant subspace of X such that u( T / Z) C u( T 1 Y), 
and let x E Z. Then by (1) we can write 
f(T)x =&f(z) R(z; T)xdz. 
We may clearly suppose that C lies in the unbounded component of p(T) 
and thus by (2) that C lies in the unbounded component of P(T 1 Z). Hence, 
for each x E C, the vector equation R(z; T) x = R(z; T ) Z) x holds. Moreover, 
if 1 x 1 > II T I Z 11, then the series representation of R(z; T 1 Z) shows that 
R(x; T 1 Z) x E Z. Hence f(T) x E Z by analytic continuation, the representa- 
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tion (3) and the fact that 2 is closed. Thus Z is invariant under f( T) and so 
f(T 1 Z) =f(T) 1 Z. The spectral mapping theorem again applies to give 
4fW I 4 =fMT I a> CfMT I Y)> = u(f(T) I 0 
Since Y is a spectral maximal space off(T), it follows that Z C Y and hence Y 
is a spectral maximal space of T. 
To prove the converse let us observe first thatf has an inverse g defined on 
f(N) which must also be one to one analytic. Thus, by the functional calculus 
[4, p. 5701 
df(T)) = &s,, dfW WG T) dz 
1 zz- .l 
2lrz C’ 
zR(z; T) dx = T, 
for some appropriate system of curves C’ in the resolvent set of T. We can 
now clearly apply the first part of the proof to the function g, and the proof 
is complete. 
THEOREM. Let T, f and N be as in the proposition. Then T is almost decom- 
posable if and only if f (T) is almost decomposable. 
Proof. By the proposition it suffices to prove the theorem in one direction 
only. Let f(T) be almost decomposable and let {G<}y be an open cover of 
a(T). Since a(T) C N, the sets Hi = Gi n N, 1 < i < n, also form an open 
cover of c(T). Hence {f (Hi)} is an open cover of u( f (T)) and we can find 
spectral maximal spaces Yi off (7’) such that X = Vi Yi and 
4f (T) I J’i) Cf (4) for i = 1, 2 ,..., n. 
By the proposition each Yi is also a spectral maximal space of T and thus 
f (0’ I YiN Cf (Hi> f or each i. But since f is one to one, u(T ( YJ C Hi C Gi 
and it follows that T is almost decomposable. 
COROLLARY 1. If T is an invertible almost decomposable operator, then T-1 
is almost decomposable. 
Proof. Note that the function f(z) = 1 /.a satisfies the hypotheses of the 
theorem and T-1 = f (T). 
COROLLARY 2. If T is an operator whose spectrum lies within an angle less 
than 2a/k with vertex at the orz@n, then Tk is almost decomposable if and only if 
T is almost decomposable. 
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As a final application of the theorem we shall prove the following special 
case due to Jafarian [5, Theorem 3.111. That author defined the notion of a 
quasidecomposable operator and showed that such operators are almost 
decomposable and satisfy the additional condition that the subspaces X,(F), 
F closed, are spectral maximal spaces of T [5, Theorem 3.51 (For the pro- 
perties of the spaces X,(F) see [3, Chapter 11). 
COROLLARY 3. Let T be an operator and let f be one to one analytic on some 
neighborhood of u(T). Then T is quasidecomposable ;f f (T) is. 
Proof. By the injectivity off and [3, Theorem 1.1.6, p. 71, for each closed 
subset of the plane F, X,(F) = X&f(F)). Since the second subspace in 
the last equation is closed and f (T) is almost decomposable, it follows from 
the Theorem and the remark above that T must be quasidecomposable. 
Remark. Another question closely related to that treated in this paper is 
the following. Suppose T is almost decomposable. How much can the hypo- 
thesis on f in the proposition above be relaxed so that f(T) is still almost 
decomposable ? In the classes which have been studied so far (decomposable, 
strongly decomposable and quasidecomposable operators), no restrictions 
on f are required in order for f(T) to fall back in the same class as T. It 
should be pointed out, however, that all these proofs depend quite heavily on 
the fact that spectral maximal spaces of such operators can be represented in 
the form X,(F). If the function f must have stringent conditions on it so 
that T almost decomposable implies f(T) almost decomposable, this might 
indicate that we are reaching a boundary in the theory beyond which further 
generalization may not yield structural properties as rich as we would like. 
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